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1 Bounds on Integral Operators (cont.)

1.1 Proof of the weak and strong type properties
Last time, we were proving the following theorem:

Theorem 1.1. Let 1 < p < oo and ¢ > 0. Assume that [K(z,-)]; < C for p-a.e. x € X
and [K(-,w)]w < C forv-a.e. y €Y.

1. If1<p<oo, LP(v) C F.

2. If 1 < p <r < oo, then there exist By > 0 and B, > 0 such that [T f]; < Bi| f|1 and
T fllr < CBp| fllp, which means T is weak type (1,q) and strong type (p,r), provided

that 1/r+1=1/p+1/q.

Proof. It remains to show the second conclusion. We have fixed f such that || f||, = 1. We
have already obtained the following useful identities:

Al

q—1
1/p 1 1

ITof|| < A9/" (C’") . -+ -=1

q p D

We chose A such that A% (cr/q)"/?" = a/2. These give us

/ Ky (2, )] dv(y), / Ky (2, y)| dv(z) < C
X K

Agyp(c/2) = 0.

So
Arp(a) < Aqyp(a)/2) + Ay p(e/2) = Ay p(e/2).

Now apply the following observation to h = T3 f:
a\P o\ P
P dy > Py > (= — < (= P,
/!h! dv_/{lhbam!h! dv > <2> An(a/2) An(a/2) < (2) 12115
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We get

Mrs(e) < (5) TImsIE
<(3)" (=)
B ~r/q\ (1—a)p
SOMETUHOME

= o PH/a0=DrC (g, p).

Now we note that

—p+r/g(l—q)p=p((1/q—1) = 1) =p(r(1/r—1/p) — 1) = —r/p.

So, by homogeneity,
a"Arp(a) < Clg, p)|lfIl}-

In particular, when p = 1, then r = ¢, and we get that

afdpp(a) < Clg, DS

That is, T' is weak type (1, q).
We next need to find (py,r1) such that T' is weak type (p1,71), where ¢ > 1 and p; < rq.
Choose p; € (p,o0) close enough to p. Let t € (0,1) be such that

11—t t

P 1 P
Define r; by

1 1—1t t

roq n

Since p is close to py, 7 is close to r1. By the definition of r1,71 < r. We have

" Arp(a) < C(g, p1) || £l -

This means that T is weak type (p1,71). Since T is also weak type (1, g) the Marcinkiewicz
interpolation theorem gives us that 7' is strong type (p,r). ]

1.2 Preliminaries for Fourier analysis

Notation: We will assume that n > 1is a natural number. If x = (z1,...,2,), (Y1,...,Yn) €
R"™, then
n
roy=Y i  |lefP=z-o
i=1
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If @« € N*, then

We will also write

, Ol g don
T gze 9 9al

0.

laf =z
f(x) = Z 19 f(azo)(:c —20)* + Ri(z), where lim Rk (x)

al Oz v tozo |7 — molF

We have n € C*(R), as

for each n. By induction, we can show that 7(*)(0) = 0 for all k& > 1.
For x € R™, set

/U’ =11z < 1
0 ||| > 1.

pla) =n(1—|z|*) = {

Then supp(p) = B1(0), p € C*, p > 0, and p(—zx) = =.
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